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Optimum Receiver and Digital Binary Transmission

In binary data transmission over a communication channel, logic 1 is represented by a
signal s, (t) and logic 0 by a signal s, (t). The time allocated for each signal is the
symbol duration , where t is related to the data rate by r,, = 1/7. We have two types of

data transmission:

Baseband Data Transmission: Binary data transmission by means of two baseband
waveforms (typically, two voltage levels) is referred to as baseband signaling. The
spectrum of the transmitted signal occupies the low part of the frequency band (around

the zero frequency). No high frequency carrier is used in this mode of transmission.

Bandpass Data Transmission: The baseband data modulates a high frequency carrier to

produce a modulated signal, whose spectrum is centered around the carrier frequency.
Assumptions:

e The channel noise n(t) is additive white Gaussian (AWGN) with a double-sided
PSD of N,/2. Noise is assumed to be added at the front end of the receiver.

e The data component at the front end of the receiver is assumed to be an exact
replica of the transmitted signal, in the sense that the transmission bandwidth of
the medium is wide enough to reproduce the signal without distortion.

e Bits in different time intervals are assumed independent.

e The signal to be processed by the receiver is the noisy signal y(t) = s;(t) + n(t)

Based on y(t), the task of the receiver is to decide whether a 1 or a 0 was

transmitted during each transmission slot T with minimum probability of error.
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Three Questions:

e What are the sources of signal corruption?
e How to recover the transmitted data (i.e., to obtain the bit sequence b,)?

e How to evaluate the receiver performance?
Sources of Signal Corruption

e Thermal Noise: caused by the random motion of electrons within electronic
devices

e Communication Channel: The finite bandwidth of the channel introduces some
amount of amplitude distortion, which can be minimized, by increasing the
allocated bandwidth. The effect of finite channel bandwidth introduces a type of
noise (distortion) called inter-symbol interference (1SI). Here, we confine our
discussion to channels with large bandwidth. ISI will be addressed in a later
chapter.

The following figure illustrates the effect of the two types of noise on the received

signal.
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Thermal noise, n(t), is modeled as a wise sense stationary (WSS) Gaussian

random process.

The thermal noise has a power spectrum that is constant from dc to approximately

102 Hz; hence, n(t) can be approximately regarded as a white process.

Thermal noise is superimposed (added) on the transmitted signal. The received

signal is y(t) = s(t) + n(t).

The mean value of the thermal noise n(t) is zero.

At any given time t, the probability density function of n(t,) follows the

Gaussian distribution; N(0, aZ ); where o¢ = E(n(t))? is the noise power.

fn(n) =

e
V2o,

2
_n

In the following analysis, we will refer to thermal noise as additive white Gaussian

Noise (AWGN), because it is modeled as a white Gaussian WSS process, which is added

to the signal.
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Basic Elements of the Receiver:

To decide on whether logic 1 or logic 0 was transmitted during a given time slot z, the

received signal (transmitted signal and noise) passes through three basic units.
Filter: The optimum filter, which we will also call the matched filter.

Sampler: Samples the received signal (data component plus noise) at some time t =

to = T = symbol duration.

Threshold comparator: If the sampled value is larger than a given threshold, A, digit 1 is

declared true, otherwise digit O is declared true.
There are three design elements at the receiver

a. The impulse response h(t) of the filter
b. The sampling time t,
c. The threshold 1

These parameters should be chosen so as to minimize the average probability of error (or

bit error rate BER), defined as

P, = P(b; # b))

P, =Pr{b=1,b =0} +Pr{h=0,b =1}
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Corrupted digital waveform
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Theorem on the Optimum Binary Receiver

Consider a binary communication system, corrupted by AWGN with power spectral
density N, /2, where the equally probable binary digits 1 and O are represented by the
signals s, (t) and s, (t), respectively. The transmission time for each signal is 7 sec. The
optimum receiver elements, i.e., the elements that minimize the receiver probability of

error are given by

Impulse response of the matched filter: h(t) = s;(t—t) —s,(t—1),0<t<T
Optimum sampling time: t, = T

Optimum threshold of comparator: " = %(El —Ey)), E, = for(sk(t))zdt,k =12

When these elements are used, the system minimum probability of error is

“(s1(t) — s2())2dt
P, =0 Jfo(Sl zsz :

The structure of the optimum receiver is depicted in the figure below. Note that the
receiver can be implemented in terms of the matched filter and, equivalently, in terms of

a correlator (a multiplier followed by an integrator).

Matched Filter - " () s .
Received signal | o ) z(1) ?& 2z) = ,[. Y(0)s @) = s, (D))t

WO = s (7 —£)—s. (1 — A
W(ty=s(ty+n(r) (1) = 5,(z = 1) =s,(r = 1)

0<r<7) Sample at 7

Or equivalently:

5,(1)—s,(1) ) e ‘
Received signal % ~ InTng‘r:aTor ‘“):J‘.. y(O)(s,(8) =5, (1))t
y(O=s(t)+n(1) C

r

F;I =1 if z()> A Threshold Comparison

b =0if z(r)<A A =YE -E)
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The Q-Function

re ] [y
Ola) :J == CXp{—
“ \JIEJT

"- dx

2
* O(a)is a decreasing function of «.

e For X ~ A (uy.07) ,

Pr{X >a} = J‘I: Sy (x)dx = _[: cpr_ (x— )’ 1 o Q[.-- a— p, ‘

1_ 20};' J o,

PriX > aj

The Matched Filter

Example 1: The figure below shows the steps involved in obtaining the matched filter for

the given signal waveform s(t) = s;(t) — s, (t)

(1) (=) hit)=s(T —t)
0 7 o ‘7 T 0> x -
Signal Waveform Mirror image of signal Impulse response of
waveform matched filter

Example 2: The next figure shows a signaling scheme where s,(t) = —s,(t). The
impulse response of the matched filter is h(t) = s,(T — t) — s,(T — t). The figure
shows the filter output when s;(t) is applied to the filter. Note that the output attains its
maximum value at time t=T, which is the sampling time chosen to maximize the output
SNR.
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h(t) = s,(T — t) — 5,(T — t)

b, (t) A y(t) = s1(t) = h(t)
; # A
1 24 2A%T/3| /’\
| ; |\
0 T "~ 0 T .rT B T ar

Next, we prove the theorem.
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The Optimum (Matched) Filter:

In this section, we will derive the impulse response of the optimum filter, specify the

optimum values of the threshold , and the sampling time ¢t, that minimize the average

probability of error of the system. These three parameters appear in the following block

diagram.

Bit sequence

b}

Binary Modulation

b =11f z(ty) >Q Threshold

‘ b,=0 if :(ID}<W Comparison

The transmitted signal is:

ol

Received signal Filter z(7)

Y(t)y=s(t)+n(?) h(?)

The received signal is:

y(1)=s(t)+n(r) = {

Transmitted signal ,| Baseband/Bandpass
~ [s(e-ir) ifh =1 Channel
O \s,(t-ir) iy =0
=(t,y) 2< z(r) | Filter | Received signal
Sampl 1(\ ) no ) |, :
ple af 7, v(t) =s(t)+n(t)
if 5 =1
) <I<T
ifb, =0
7& (1) .| Threshold b, =1 if =(1,) > ~
Sample at 7, Comparison | b =0 if z(z,) < A
s(t)+n(r) 1fb =1
s,(t)+n(t) 1fb =0

where noise has been added to the transmitted signal. The received signal plus noise

y(t) = s(t) + n(t) passes through a filter with an impulse response h(t). Its output,

z(t), is the convolution of h(t) with y(t).

(1) =s,(t) +n,(1r) —{

where,
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r -
s, ()= L s (x)h(t —x)dx, i=1,2.

n (t)= I; n(x)h(t — x)dx,

are the signal and noise components at the filter output, respectively. The filter output,

sampled at time ¢t is

s,1(t)+n,(,)  1ifh =1

() =s,(t,) +n, () = {Sa,z("o) +n,(t,) ifb =0

The sampled output z(t,) is a random variable and is no more a function of time. The

probability density function (pdf) of z(t,) will be derived next.

Receiver Average Probability of Error

First, we note that n(t,) is a Gaussian random variable with
mean: E(n(t,)) = fot"E(n(t))h(t0 — x)dx=0, since E(n(t)) = 0.
variance: of = E(n(to)?) =22 [ |H(f)I?df =22 [, |h(to — t)|2dt;
The last step follows from Parseval’s power theorem.

Hence, n(t,) follows the Gaussian distribution, i.e., n(t,) ~ N(0,d3).

Remark: In ENEE 2307, we came across the following theorem related to the

transformation of random variables:

Theorem: If X is a Gaussian random variable with mean p, and variance 7, and Y is
another random variable related linearly to X by Y = aX + b, then Y is Gaussian with

mean u, = apy + b and variance o = as?.

Based on the above theorem, z(t,) follows the Gaussian distribution with the following

conditional pdf’s (depending on the transmitted bit b, = 1 or b; = 0)
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(1) | b, =1~ N (s,,(t,),07)
=(5,) | B, =0~ A (s, ,(t,),02)

These pdf’s are depicted in this figure

Sz (z(8,)| D, =0) f,(=(t) b, =1)

o =

s;(rﬂ) 2s,, (1)

The average probability of error is the sum of the two shaded areas in the figure. To help
you understand that, we recall the Theorem of Total Probability, considered in ENEE
2307.

Theorem of Total Probability

Let A1, Ao, ..., An be a set of events defined over (S) such that:
S=AlUAU...UAy ; AiNAj=0 fori#j, and P(Ai)>0 fori=1,2,3,...n.
For any event (B) defined on (S),

P(B) = P(A1) P(B/A1) + P(A2) P(B/A2) + ...... + P(An) P(B/An)
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Making use of the theorem of total probability, the probability of error is calculated as:
P, =Pr{b=1,b =0} +Pr{h=0,b =1
=Pr{z(t,) > A,b, =0} + Pr{z(t,) < 4,b, =1}
=Pr{z(t,)> A | b, =0} Pr{b, =0} + Pr{z(t,) < A| b, =1} Pr{b, =1}

=2[Pr{z(t,)> A|b, =0} +Pr{z(t,) < A|b =1}] (Pr{b, =0} =Pr{h =1} =1)

_ I{Q)[ﬂSO.EUU)J‘FQ)[SUII(I{')ﬂv J]
2 O O,

where, Q(x) is the complementary Gaussian distribution function defined as:

© 1 W2
Q(x)=f Ee‘ /2 du

The Q(x) function, plotted below, is a monotonically decreasing function in x, for x > 0.
The Q function is minimized when the argument x is maximized. The results to be

derived next on the minimization of the probability of error are based on this observation.
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The average probability of error, P, is a function of three variables, the threshold A, the
sampling time t,, and the filter impulse response h(t). We will deal with each variable

one by one.

First, P, is minimized by selecting a A that minimizes the sum of the two shaded areas in

the following figure:

f2(2(t) |6, =0) f,(2(t)|b =1)

(D

S,2(tp) /LL So1(ty)

f:z(z(to)lb1 =0) fZ(Z(to)le =1)

| |
S,2() ;f S,.1(%)

The optimum value of A (for equally probable symbols) is:

N E So_] (rt] ) + S:J_E (fi})
2

With this choice of A, P, becomes

|
2 O-l} O'”

P =g (so,l(to) — So.2 (t0)>

2
2,/ 0;
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('['; (s,(x) —s, )z, - x)abc)2
'\3"’ L: h*(t, — x)dx

1
_QE

Where,

$,006) 5,5 (1) = [ (5,(x) =5, (x)h(t, = x)dkx,

o, = %I{:” h* (t, — x)dx.

Next, P, is minimized when the argument of the Q function is maximized, which by

means of Schwartz’s inequality is achieved when the sampling time is t, = t and

h(t)=k(s(r—t)—s,(r 1)), 0<t<7 and f, =7

|:_[:(S| (x) =5, (X)h(z, —X)d’fT - L;D (5,(x)—5,(x)) dxj(;ihiﬁo——x—)d%
J-On, 3 (ty — x)dx @ e[ r g, = ( “=" holds when ]
)

0
I: (5,(x) = 5,(x))° dxf\,[or (5,(x) = 5, (X)) dx Lh(f) = k(s,(t, —1)—s,(t, —1)
- Ny /2 \SJ\ N,/2 [ “=" holds when ¢, = TJ

h(t), as obtained above, is called the optimum or matched filter, since its shape is derived

(matched) from the shapes of the transmitted signals.

The output of the matched filter at the sampling time may be obtained directly through

the convolution integral

i 2(0) = | y(O)h(r —1)dt
Received signal » Ma(tchec)l Fllt(er | (1) )X (7) j” Y(E)h(T —1) ‘
" W) =s(r—1)-5,(r—1t > , »

H=s(t)+n(t ] 2 S le at I _ _
y(O)=s(ty+n(t) 0<t<n) ample at 7 | = [ y(1)(s, (1) s, (1))dr
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Or, equivalently, through correlation. Here, the incoming signal is multiplied by (s, (t) —
s,(t)) and then integrated over the symbol period (0, 7). The output of the configurations

isequal only at t = .

Received signal |
Y(ty=s(t)y+a(t)

1)—s,(f ‘
(li( )=5,(0) Integrator :(r):J.J,1"(f)(51(”_51(”)dr
X)

.r {
0

The following figure summarizes the above operations and results

Received signal » Ma:che(d) Filta;:r ; () 7&‘ z(r)= Jl:__r(r)(sl (¢)—s,(2))dt
" 1 =57 —0)—85,\7— >
H=s(tytn(t ' ’
y(y=s(t)tn(1) 0<t<7) Sample at 7
Or equivalently:
s (t)—s,(1 ;
Received signal \5}'( )= () X InTegr:aTor Z(f)=L Y(t)(s,(t)—s,(t))dt
W(ty=s(t)tn(f) '[“
!;f. =1if z(r)> A Threshold Comparison
b =0if z(r)<A’ A =Y(E ~E)

A =45, (@) 48,000 = 4] (50 +5,(Dhe = = ([ 57 e~ [ 5200t
=3(E —E)) Energy of s(1):  E, E,

Finally, the BER of the optimal binary detector is:

1 (,[0 (5,(x) = 5,(x))(s,(x)— S:(-\'})dx)z
2 A G0 sre

B =0

“(s1(t) — s,()2dt
P, = Q \]fo(-‘h ZNZZ )
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The integration on the RHS, can be expanded as

Jy (s1(8) = sp())2dt = [ (s, (D)2dt+ [T (s, (D)2dt -2 [ 5,(8)s,(6)dt

f T(sl(t) — 5,())2dt =E; + E, — 2 f Tsl(t)sz(t)dt
0 0

The correlation coefficient is a measure of similarity between two signals s, (t) and

s,(t), and is defined as

1 T
p= mfo s;(B)s,(H)dt;, —1<p<1

Therefore,
T
J (51(t) = s, (£))?dt = E; + E, — ZP\/E\/E—Z
0

Remark: Please note that fOT(sl(t) — s,(t))%dt represents the square of the distance

between the two signals s, (t) and s, (t).

In the next section, we will make frequent use of these results to obtain the probability of

error for a number of modulation schemes.
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Example: Antipodal Binary Transmission

Let us consider a digital binary communication system where bits 1 and 0 are represented

by the signals s, (t) and —s,(t), respectively.
For this case, Ey = E, = E = [ (s,(t))?dt
Therefore, the threshold is 4* = (E; — E;) =0

The probability of error is:

. Jfo CIGRERIR

Py =

(510 + s, (£))2dt
¢ 2N,

4 [F(s,(0))2dt
P;=0Q j f"(SZNO)
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Baseband Data Transmission

Binary data transmission by means of two voltage levels is referred to as baseband
signaling. Manchester encoding, for example, is used in the Ethernet local area network
as the signaling scheme. Here, we consider polar non-return to zero baseband
transmission scheme, in terms of probability of error, optimum receiver structure, power

spectral density and bandwidth.
Polar nonreturn to zero (also known as binary pulse amplitude modulation)
Signal Representation
The baseband signals representing digits 1 and O are:
s;(t) =4, 0<t<rt
se(t) = -4, 0<t<rt

where, 7 is the symbol duration and R, = 1/t is the data rate in bits/sec.

H1H iiOH
A4 —>
T
| T | -4 41
s(t)=4 s,(t)=-A4
0<t<r 0<t<r

Generation:

The input to the modulator is a sequence of binary digits (0’s and 1°s). The modulator
converts the sequence into a polar nonreturn to zero waveform (also known as binary
pulse amplitude modulated waveform BPAM). The pulses are transmitted through the

channel to the receiver.
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110 1 0 0 1
s(t) A

ENEE 339

Optimum Receiver

~Y

The optimum receiver is, of course, the matched filter, also implemented as a correlator,

as shown in this figure.

Binary PAM: 5 (1) =5,(7)

Received signal

)

Integrator Threshold
J-r Comparison

b =1 if z(r)> A

2 =LE-E)—o |b=0if 2()<A

Probability of Error:

“(51(t) — s, (£))2dt
P, =Q \/fo(s ZNz i

NOte that El == EZ = fOTAZdt = AZT = /1* = (El - Ez) == 0

Average Energy per bit: E;, = %(E1 + E,) = A1

o — o 2227\ _ [ (25
p=e| 5=l | %

Optimal BER:

General Result on the Power Spectral Density of a digital M-ary baseband signal

The time-domain representation of a digital M-ary baseband signal is
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s(t)= Z Z -v(t—nt)

H=—a0

where Z, is a discrete random variable with Pr{Z =a}=1/M,i=1,..M,

v(t) is a unit-baseband signal, and symbols in different time slots are assumed

independent. Under these assumptions, the power spectral density of s(t) is given by

o1 2 , > & . |
G_\-(.f)—;|V(‘f)‘ '[52 +£2 > é[.f ”;D

z- M=—oc

Power Spectral Density of the polar non-return to zero baseband signal

The general result stated above for the M-ary baseand signal can be specialized to the

polar nonreturn to zero transmission as follows

e The signal amplitude assumes two equally likely values. i.e., P{Z, = +1} = 1/2

A 0<Lt<rt

e The basic unit pulse is v(t) = {0 otherwise

e The Fourier transform of the basic unit pulse is V(f) = Atsinc(f1)

e The mean and variance of Zare: u, = 0,07 = 1

Remark: Recall that for a discrete random variable Z, the mean and variance are defined

as

E(Z) = z ZiP(Z :Zi)

all z;

Var(Z) = o2 = z (zi —E2)*P(Z = z;)

all Zi

Therefore, the power spectral density of the polar non-return to zero signal is

Gpa (f) = A'zsine” (f7)

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Optimum Receivers and Digital Binary Transmission ENEE 339

GBPAM (f)
A2

—_— —_—

2/1 ~1/r 0 /7 2/7 f

Bandwidth

The bandwidth can be obtained from the power spectral density.

Gppudf) = A*zsinc® (f7)

2/t -1/t 0 /7 2/r 1
: T 90% p— g : 90% bandwidth: 1/7
95% power = 95% bandwidth: 2/7

The 90% power bandwidth = % = R, (data rate)

The 95% power bandwidth = % = 2R, (twice the data rate)
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Binary Digital Bandpass Modulation

Here, the baseband data modulates a high frequency carrier to produce a modulated
signal, whose spectrum is centered on the carrier frequency. We will consider four types
of bandpass transmission schemes; Amplitude Shift Keying (ASK), Phase Shift Keying
(PSK), Frequency Shift Keying (FSK), and Quadri-phase Shift Keying (QPSK). For each
type, we consider the generation, optimum receiver, probability of error, power spectral

density, and bandwidth.
Binary Amplitude Shift Keying (BASK)

Signal Representation

A%T

Send: s, (t) = Acos(2nf,t), if the information bit is “1” = E; = ~

Send: s, (t) = 0, if the information bit is “0”; =>E, =0
. 1 A%T
The average energy per bit Ey = (B +E) =52
Il1 LH IiO”
t
«— 1 —>

s,(t)y=Acos(2zft)  S,(6)=0
0<t<r

Generation:

The ASK signal is generated by multiplying the unipolar nonreturn to zero waveform

(also known as binary On-Off Keying signal) with the sinusoidal high frequency carrier.

Sgask(t) = Spook(t)cos(2mf t)
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1 0 1 0

Spask (1) = Sgoox () cOS(27 £.1) nUnUnUnUnU nUnUnUnUnU "

~

Binary On-Off Keying s, (1)

v

X

Map Binary Data into Uni- s1(t) = Acos(2Znf.); for digit 1

Binary Data —| Polar Non-Return to Zero -
b: m(t) s2(t) = 0; for digit0
]

c(t)=Acos(2nf.t)
mit)

Aanpituhe

n " 1 [ o [ L] P 1 1 1 ' 1 i 0

Binary Amplitude Shift Keying Generation

Optimum Receiver:

t Threshold

Received signal‘/l\ _ InTegE‘aTor Comparison Z;, =1 if z(7) >Z:
OIS ) h o0t D<A

h 4

A =NE -E)=141

Probability of Error
Optimal BER:

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Optimum Receivers and Digital Binary Transmission ENEE 339

A’t E,

P*z — | = e
i=e| - |=el &

Power Spectral Density of Binary ASK

First, we find the statistics of the amplitude variable Z:

e P(Z=1)=P(Z=0)=1/2
e E(Z)=uz;=1/2
e Var(Z)=02=1/4

Then, we find the power spectral density of the baseband binary unipolar non-return to

zero signal (On-Off Keying)
Groox =~V (FP{o} +1 Z )

Groox (f) = (Arsmc(fr)) [4 41 = 5[;"_&;])

1 1
Gpook = ZAZT(SianT)Z + ZAZ{(S(f — 1) +6(f + 1)}
Note that the rest of the terms in the summation on the RHS become zeros since
m
(sincf1)?8(f —mn,) = (sinc?r)zé“(f —mnr,) =0
Finally, the power spectral density of the binary ASK is:

Grasx () = §[Goox (f = S+ Goox (f + 1]

/\ GBT(f ) /\
f—1/zrf f+Ur 0 f=Ve f, fAlT 7
2/
57
2R,

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Optimum Receivers and Digital Binary Transmission ENEE 339

The 90% power bandwidth = % = 2R, (twice the data rate)

The 95% power bandwidth = % = 4R, (four-times the data rate)

Final Remarks

e Advantage: Simplicity

e Disadvantage: ASK is very susceptible to noise interference — noise usually (only)
affects the amplitude. Therefore ASK is the modulation technique most affected by
noise

e Application: ASK is used to transmit digital data over optical fiber
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Non-Coherent Demodulation for ASK

In this demodulation technique, there is no need for the carrier frequency
at the receiver. The basic elements of the receiver are a bandpass filter
with center frequency at the carrier, an envelope detector, and a
threshold comparator. The receiver is simple, however it is not optimal
in terms of the probability of error.

The details are shown in the following block diagram

r(t) = Acos(2mf t) + n(t)

r(t) = n(o)
Threshold :
r(t) Banld::ass Filter Envelope Comparison Binary Data
— with Center |—] Detector 2= (Eq — E)/2
Frequency at [ -A27/a

Non-Coherent Binary ASK Demodulation
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Binary Phase Shift Keying (BPSK)

Signal Representation:
Send: s, (t) = Acos(2mf.t) if the information bit is “17;
Send: s,(t) = Acos(2nf.t + m)

s,(t) = —Acos(2nf,t) if the information bit is “0”;

[T ¥ et

T

1 0
A
f t
R «— 71—

A

5,(t) = Acos(2r fit) Sy(f)=Acos(2x ft + )
0<t=rt O<t=r

(7 1s an integer number of 1/f))

S,(t)=s,(t+7m)=—5/(1)

Generating a Binary PSK waveform
The PSK signal is generated by multiplying the polar nonreturn to zero waveform by the

sinusoidal carrier.

sgpsk(t) = sgpam(t)cos(2mf t)

-
[ 2

t

LA A A A AR A A A A
A E
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Map Binary Data into 51(t) = Acos(2nf.); for digit 1
Binary Data —| Polar Non-Return to Zero -
b. m(t) s2(t) = —Acos(2rf,.); for digit 0
L

c(t)=Acos(2nf .t
mit)

NRZ-1 ; - : -

Time

Polar Non-return to Zero

Binary Phase Shift Keying Generation

The Optimum Receiver

BPSK: JW%&.

g Threshold . .

Received signal_é . InTeg[‘aTor _ Comparison b =1 if z(7)> )l,h
W(t) jll A =YE-E)=0 f;i.:(] if —_{T}</1Lx

The optimal receiver is also called “coherent receiver” because it must be capable of
internally producing a reference signal which is in exact phase and frequency

synchronization with the carrier signalAcos (27 f_t).

Probability of Error

Energy of s;(t) : E; = E, = %Azr
Average Energy per bit: E;, = %(E1 +E,) = %AZT

Optimal BER:
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pr = At 2E,
p=el - )=el
Power Spectral Density

GBPSK (f) = %[Gb‘f’_f,lf (f o fc ) + Gb’!’_!,lf (f + f; )]

GBPSK(f)
/. 0 Je f
R

Bandwidth
The 90% power bandwidth = % = 2R, (twice the data rate); same as that of BASK
signal
Final Remarks
e Advantage: PSK is less susceptible to errors than ASK, while it requires/occupies
the same bandwidth as ASK

e more efficient use of bandwidth (higher data-rate) are possible, compared to FSK

e Disadvantage: more complex signal detection / recovery process, than in ASK and
FSK
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Binary Frequency Shift Keying (BFSK)

In binary FSK, the frequency of the carrier signal is varied to represent the binary digits 1
and 0 by two distinct frequencies. The amplitude and frequency remain constant during

each bit interval.

Signal Representation (coherent FSK)

Send: s, (t) = Acos2n(f, + Af))t) if the information bit is “1”;
Send: S, (t) = Acos(2n(f. — Af))t) if the information bit is “0”;

Af is an offset frequency (from the unmodulated carrier f,) chosen so that s, (t) and

s, (t) are orthogonal, i.e.,

ftsl ()s,()dt =0
0

sin(2r(2f)t | sin(2r(2Af)T 0
2f. * 2Af B

This condition is satisfied when

m
20f =

m=1,2,...

The minimum frequency separation 2Af = R, /2.

iI.A1 n “0“
A A
t t
— T — “— [ —>=
s,(t) = Acos(2a(f. + Af)t) s,(t) = Acos(2x(f, — A )I)
0<t<r O<sr=<rt

(7 1s an integer number of 1/(f +Af) )
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0 1 0 1

AR ARAAAA A A A LARALARLAS
‘lll".l‘HHIHHH VAVAVAVAVIL LA

Generating an FSK waveform

Method 1: Using the Voltage Controlled Oscillator (Single Oscillator Method)

Map Binary Data into Voltage- Fi(t) = f. + Af, for digit 1
Binary Data —{ Polar Non-Return to Zero |—| cControlled |—— .
b, oscillator | f2(8) = fe —Af: for digit 0
m(t)

fi(t) = fo + kgm(t); forvco

1io0i1i1io0ioioi1!i $1(t) = Acos(2m(f. + Af))E)

NRZL > s2(t) = Acos(2n(f. — Af))E)

Polar Non-return to Zero

ADD THEORY

Method 2: Two-Oscillator Method
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Oscillator 1

ci(t) = Acos(2m(f. + Af))E)

Map Binary
Data into

Unipolar Non- m(t)

Return to Zero

54(t) = Acos(2m(f. + Af))E)

Binary Data b; 85(8) = Acos(2r(f. — Af))E)
Find the
— | Complement of
m(t) c2(t) = Acos(Zm(f, — Af))t)

Oscillator 2

Amplitude
A

0 i 1 | 0 1 0 ! 1 i 1 i 1 i 0

T

Time
Unipolar Non-Return to Zero Signal

The Binary FSK waveform may be generated as the sum of two binary ASK signals. Let
m(t) be the binary unipolar non-return to zero corresponding to the message bits. Then,
m(t) = 1 — m(t) is the complement to m(t). Therefore, when m(t) =1, m(t) =0.
The FSK signal is a result of modulating m(t) on the carrier frequencies Acos 2n(f, +
Af))tand m(t) on Acos(2u(f, — Af))t.

sgrsk(t) = ASK of m(t) on first carrier frequency

+ ASK of (1 — m(t)) on second carrier frequency

sprsk(t) = m(t)Acos(2n(f. + Af))t + (1 — m(t))Acos2r(f. — APt
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Optimum Receiver

The optimum coherent receiver consists of two correlators. The operation of the receiver
makes use of the orthogonality condition imposed on the signals s, (t) and s, (t). In the
absence of noise, if s, (t) is received, then the ouput of the upper correlator will have a
value greater than zero, while the output of the lower correlator is zero. The converse is
true when s, (t) is received. In the presence of noise, the system decides 1 when z(t) >
0. That is, when the output of the upper correlator is greater than the output of the lower

one. Otherwise, it decides O.

cos(27( f, + Af)N)

T
(X~ .[0
Tntegrator Threshold G
. . +y ¢ 1" if sample >threshold
Received signal > ’Z z(7) comparison “0” if sample<threshold
V(=S rsi (DT n(1) e A" =1(E -E,)
G ‘ =0
—HX'—P‘ -[D . | ]
R é Integrator
Af =255 cosQa(f. - AN

FSK Coherent Receiver

Probability of Error
Energy of s;(t) : E; = E, = %Azr
Average Energy per bit: E;, = %(E1 + E,) = %AZT

When the signals are orthogonal, i.e., when fOT s;(t)s,(t)dt = 0, the probability of error

IS given by

pr — AZT . Eb

Power Spectral Density
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Since the FSK signal is the superposition of two ASK signals on two orthogonal
frequencies, the spectrum is also the superposition of that of the ASK signals. We recall
that the spectrum of the ASK signal is as shown below

GB.—!SK(f)
St f S+t 0 = I/Tf f+1Uz r
2/2’
—R;,
As such, the spectrum of the FSK is as shown below
Gorsk () =5[Gyprsc (f = (. + A)) + Gy grs (f + (f. +AF))]
+5[Gos grsic (f = (fe =A)) + Gy s (f + (f. — Af))]
GBFSK (f)
AN AN 0 B Y

k—2AF —
<—2Af +2R,—|

The required channel bandwidth for 90% in-band power

Bh_m]",. =2Af +2R,

R
B.W = (f; — f2) + 2R, =7”+2R,,

Final Remarks

e Advantage: FSKis less susceptible to errors than ASK — receiver looks for specific
frequency changes over a number of intervals, so voltage (noise) spikes can be
ignored. The FSK signal maintains a constant amplitude.

e Disadvantage: FSK spectrum is 2 x ASK spectrum (larger bandwidth)

e Application: over voice lines, in high-freqg. radio transmission, etc.

Exercise: Consider the following form of BFSK, in which 8; # 6,
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Send: $1(t) = Acos(2n(f, + Af))t + 6;) if the information bit is “1”;
Send: s,(t) = Acos(2n(f, — Af))t + 6,) if the information bit is “0”;
Show that the frequency separation that ensures orthogonality is

2Af =mR,,m=1,2, ...

Non-Coherent Demodulation of Binary FSK

rit) = Acos(Zr(f. + Af )t} +n(t)
rit) = Acos(Zm(f,. — AfF )t} + n(t)

Bandpass Filter

(D) with Center Envelope u
Frequency at Detector 1
fetAf Decision Binary Data

If ,

u; > uy Decide 1

Bandpass Filter U, > u, Decide 0

with Center Envelope Uy
Frequency at Detector
fo—Af

Non-Coherent Binary FSK Demodulation
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Quadri-phase Shift Keying (QPSK)

The carrier is transmitted with four possible different carrier phases, allowing each

transmitted signal to represent two binary digits.

Signal Representation

11" s(t)=AcosQaft—m/4) = +icos(2frfcr) +isin(2;rrfcr)

V2 V2

“10" s,(t)=AcosQrft+m/4)=+ iC(;:ns(Z;'rj;r) _ A sin(27 f.1)

V2 V2

“0 0" $3(f)=AcosLrft+3x/4)= —icos(Zﬁfcr) —isin(ZJrfcr)

V2 V2

‘01" s5,(t)=AcosQQr ft+5m/4) = icc:ns'.(flﬁ'j‘;i"} * iSiﬂ(ZFfJ)

V2 V2

The Modulator:

A QPSK signal can be decomposed into a sum of two PSK signals; an in-phase
component and a quadrature component. The serial to parallel converter splits the
incoming data sequence into two sequences that consist of the odd (A4;) and even bits
(By) of the main sequence. The odd bit stream sequence modulates the in-phase carrier,

while the even bit stream sequence modulates the quadrature carrier.

Sopsx () = d, %cos(Z;rfcr) +d, % sin(27z f.r)
J _{1 ifb,, , =1 J _{l if b, =1
"Tl-1 ifb,, =0 ¢ 141 ifb,=0
The composite signal s,psk (t) is sent through the channel, where
Sopsk(t) = Apcos(2mf t) + Bysin(2nf t)
Sopsk(t) = Binary PSK on cos(2nf t) + Binary PSK on sin(2nf t)

Both of the two BPSK signals occupy the same bandwidth.
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* Modulator . Mapping
2t , J {1 if by, =1
. . 1= : -
Bltff}nes Serial to Parallel | 71 k=0
1 by . Mapping
(1 ifby, =1
d‘f][-l ifb, =0
1 oo 10 0 11
Ak 0 1 0 1
—

converter [

" —

Oscillator

=135 |

45

Optimum Receiver

Received signal

e

y(t) = s(t) +n(t)

Threshold Comparison

1 ifz(r)>4 =0
0 otherwise

ifz,(r)>4, =0
otherwise

2i-1

S

Multiplex

cos(2z f.1)
‘[ ! (2
0
Integrator 52!.71 = {
I -G
’ 0 by, = {l
Integrator N 0
sin(2z 1)
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T

z,(1) = j[SQPSK(t) + n(t)]cos2uf.t)dt

T

z,(1) = f[Akcos(anCt) + Bysin(2nf,t) + n(t)]cos(2nf.t)dt

T

z,(1) = J[Akcos(anCt) + B, sin(2rf,t) + n(t)]sin(2rf,t)dt

z,(7) = %T + N, = 5 —~T+N, signal component proportional to d;

\/_

z,(1) = —r +N,;=—27+N, signal component proportional to d,,

\/—

The odd and even bits can be recovered using the decision rules

> —
d, _{ L z1(1) =20 = byi_1 = {1 d =1 Odd sequence

-1, 1(D <0 0, d =—-1

> 1, dp, =1
do = { L 2,(1) 2 0 5 = { ¢ Even sequence

~1, (D) <0 A T0, dg = -1

Remark: Note that , in the formulation above, is the symbol duration, which amounts to

: : 1_R
two serial data bits. Here, R = - = 7”

Probability of Error

The bit error probability is twice the symbol error probability, and is given as (will also

be derived in the next chapter when we consider M-ary PSK).

This is the same as that for binary PSK, provided that both message bits have the same
energy. The advantage of QPSK is that it is more bandwidth efficient than BPSK (can

transmit twice the data rate)
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Power Spectral Density

The power spectral density has the same shape as that for BPSK (the QPSK is the sum of
two BPSK signals one modulated on cos(2rf.t) and the other on sin(2nf.t).

N\ o) A\
S VS Ve 0 JAT T 7
2/t |

Bandwidth

The symbol duration for each BPSK modulator is 7 and the symbol rate Ry = % = —.

Bandwidth of QPSK = 3 =R,

Therefore, for QPSK, we can transmit twice the data that we can transmitted using
BPSK. In other words, if a channel bandwidth W is available, then with BPSK, we can

transmit W /2 bits/sec, while for QPSK, we can transmit W bits/sec.
Spectral Efficiency: Define the spectral efficiency of a digital modulation system as

_ Data Rate (bit|sec) Ry
"~ Required Channel Bandwidth By

14

The following table summarizes the spectral efficiency for the bandpass modulation

schemes considered in this section.
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Bandwidth Efficiency
(90% in-band power)

Binary ASK 0.5
Binary FSK 05— L
1+Af /R,
Binary PSK 0.5
QPSK 1

Final Remarks

e Advantage: higher data rate than in PSK (2 bits per bit interval), while
bandwidth occupancy remains the same

e 4-PSK can easily be extended to 8-PSK, i.e. n-PSK

e However, higher rate PSK schemes are limited by the ability of equipment to
distinguish small differences in phase
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